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Legal background 

• HB. 13 regarding the rehabilitation and modernizing the precision leveling National Geodetic Network by determining a quasi-geoid over 
Romania, included in the Institutional Strategic Plan approved by the Order no. 763/16.05.2014 emitted by the Ministry of Regional 
Development and Public Administration.  

• Strategy of the National Agency for Cadaster and Land Registration (NACLR) 

• Recommendations of the EUREF subcommittee from the International Geodetic Association regarding upgrading the European cuasi-geoid 
EGG2008 by gravimetric, precise leveling and GNSS 

GEO-GRAVIMETRIC QUASI-GEOID DETERMINATION 
OVER ROMANIA 

1.Intro 



PARTICULARITIES 

• Projects for every county 

• Ensures the necessary elements for generating the quasi-geoid 

• Implementing and experimenting with the new geo-gravimetric technologies 

• Relative gravimetric measurements in 0, 1st and 2nd order gravimetric points for transmitting 
gravity to new determined points  

• Ensures a homogenous density and distribution of the points in order to generate the model of 
gravimetric quasi-geoid 

• The project has the purpose of enhancing the vertical transformation grid and to enhance the 
digital terrain model and ortophotomap that is used to keep up to date the Romanian 
topographic reference - TopRo 5 
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The measurement method is the one of closed loops on the starting point with 
verification readings on characteristic points. 
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EQUIPMENT 
To complete the gravimetric measurements the following equipment is used: 

Reading resolution 
 1 microGal 

Facilitates (after post 
processing) linear 

combinations between 
phase measurements 

Transmitting elevation 
to new determined 

points 

GS15 GNSS – RTK 
Leica rovers 

Scintrex – Autograv 
CG5 Relative 
gravimeter 

Leica electronic 
level 

Reading resolution 
0. 1 microGal 

Scintrex – Autograv 
CG6 Relative 
gravimeter 



EQUIPMENT 
Scintrex – Autograv CG5, CG6 Relative gravimeters 

Autograv CG-5 and CG6 gravimeters being operated 



ADJUSTMENT OF GRAVIMETRIC MEASUREMENTS (1) 
Reduced gravimetric data where inserted in a functional model which includes  independent readings and are presented as the following type of ecuation: 

where:  
-t: measuring time; 
-l: the value of the reduced reading of the instrument ; 
-v: l correction 
-g: station gravity value; 
-N0: constant of the relative level of the instrument; 
-ΔF(z): calibration function; 
-z: gravimeter reading; 
-D(t): drift function of the gravimeter. 

The drift function of the gravimeter was modeled with 
a polynomial of this type: 

where: 
-t0 initial epoch; 
-a polynomial power; 
- d p  drift parameters. 

The calibration correction applied to Scintrex – Autogav 
CG5 gravimeters has the form of a polynomial equation 
(Torge, 1989): 

 
 
 
 

where: 
- bl polynom coeficient; 
- zl gravimeter readings. 

 



ADJUSTING GRAVIMETRIC MEASUREMENTS (2) 

Supposing that we have a number of n measurements, the equations for observations are written in matrix form: 

  

                                               with P ponder matrix   

where: 

• Lb: a vector containing relative gravity measurements; 

• V: a vector containing corrections; 

• A: coefficients matrix; 

• X: a vector containing unknowns; 

Using the method of minimum squares, we can obtain estimated values of the unknowns  

   

 

 

The a posteriori covariance matrix of  X 

Global model test and detection of outliers: 
 

- The global bilateral model test ( if                                 then the adjustment model is correct and complete ) 
 
 
- Pope’s τ-test method ( if                              then the ith observation is an outlier ) 

 
 



The new gravimetric quasi-geoid model for Romania will be done using the Remove - 
Compute – Restore (RCR) algorithm. In the RCR technique, the anomalous potential T is split 
into three parts: 
 
 
 
 
 
where TEGM  is the contribution of an Earth Geopotential Model (EGM2008 to degree 2190), 
TRES is the residual gravity field and TIND/RTM is the indirect effect or terrain effects from 
Residual Terrain Modelling. 

QUASIGEOID MODELLING (1) 



Helmert’s Second Method of Condensation 

QUASIGEOID MODELLING (2) 

In Helmert’s second method of condensation, which is one of the most common reduction schemes used in 
gravimetric geoid computation in local and regional applications, the masses are shifted and condensed to 
a layer on the geoid. 
Gravity anomaly on the geoid obtained by the second method of Helmert’s condensation differs from 
the free-air gravity anomaly ΔgFA by the amount of terrain correction and this kind of gravity anomaly is  
called Faye anomaly (ΔgFaye) and some times Helmert anomaly: 
 
 
 
 
Where: 
  
  - terrain correction 
 
 
  - secondary indirect effect 

Helmert’s second method of condensation  
(Hofmann-Wellenhof & Moritz 2006) 



Residual Terrain Model 

QUASIGEOID MODELLING (3) 

Gravity anomalies reduced with the Residual 
Terrain Model (RTM) are generally smoother than 
those resulting from other terrain reduction 
methods (Sansò & Sideris 2013). 
The smooth surface can be constructed by low-
pass filtering of the detailed DTM to transform it 
into a coarse and smooth topography grid. The 
RTM is given by (Forsberg 1984) 
 
 
 
 
where 𝐻𝑟𝑒𝑓 and 𝐻 are the heights of the reference 
grid and the detailed grid respectively, and 𝐶𝑇 is 
the classical terrain correction.  
   

The principle of RTM reduction is illustrated in 
the following figure 



Quasigeoid model computed by Stokes’s method - main steps  

QUASIGEOID MODELLING (4) 

a) Preparation of digital terrain models for the calculation of the relief corrections and indirect effect 
Use two types of digital terrain models: 
- A more detailed model with a higher resolution, which is used for the nearest area of the calculated point 
(national DEM) (about 50 km from calculated point); 
- A less detailed model with lower resolution, which is used for the farthest area of  the calculated point  
(SRTM3 DEM) (about 167 km from calculated point-Bullard radius); 
b) Calculation of Free-air anomalies, calculation of corrections relief and calculation of refined Bouguer  
anomalies in gravimetric points 
To calculate the terrain effects on gravity anomalies (gravity disturbance), use homogeneous rectangular  
prisms method (Forsberg, R. 1985): 
 
 
 
 
c) Generating refined Bouguer anomalies grid  
To generate the grid, use the principles of collocation method. 
d) Reconstitution of topographic effects (Bullard A and B) at the grid points to get a grid of Faye gravity 
anomalies 
 

 

 
 
 
 



Quasigeoid model computed by Stokes’s method - main steps  

QUASIGEOID MODELLING (5) 

e) Determination of long wavelength components in grid points using global geopotential model 
f) The calculation of residual gravity anomalies in the grid nodes 
Faye anomalies obtained from grid nodes minus EGM2008 gravity anomalies  resulting residual gravity  
anomalies in the grid nodes (Δg = ΔgFAYE - ΔgGM). 
g) Calculation of average wave length component of the geoid undulation grid nodes (NΔg) 
Determining the medium-wavelength part of the geoid undulation by using the spherical Stokes method: 
 
 
 
 
h) The calculation of the indirect effect of grid nodes (NIND), 
 (Wichiencharoen, 1982) 
 
 
i) Calculation of the final values of the geoid undulations in grid nodes 
The final values of the geoid undulations are obtained by adding the medium-wavelength component (NΔg), 
the long-wavelength component (NGM) and indirect effect (NIND): 
  
                                                   N = NΔg + NGM + NIND  



Quasigeoid model computed by Stokes’s method - main steps  

QUASI-GEOID MODELLING (6) 

 
j) Calculating the separation between geoid and quasi-geoid 
The geoid-quasigeoid separation is calculated using the expression (Sjöberg, 1995): 
 
 
 
 
 
 
 
 
 
k) Determining and applying a corrective surface to the gravimetric quasi-geoid 
For fitting the quasigeoid model to the Romanian vertical datum (Black See 1975), additional GNSS  
observations on levelling benchmarks are performed.  



Detailed digital terrain model 

QUASIGEOID MODELLING (7) 

Less detailed digital terrain model 

Quasigeoid model computed by Stokes’s method  



Refined Bouguer anomalies  Residual Faye anomalies in the grid nodes 

QUASIGEOID MODELLING (8) 

Quasigeoid model computed by Stokes’s method  



The quasigeoid on the territory of the Alba and 
Cluj counties 

The results after fitting the surface of the quasigeoid 
gravimetric to GNSS/levelling data 

QUASIGEOID MODELLING (9) 

Quasigeoid model computed by Stokes’s method  

Statistics: Mean 
[m] 

Std. dev. 
[m] 

Min. 
[m] 

Max. 
[m] 

Original Data 40.989 1.338 39.066 43.859 

Grid Interpolation Results 40.989 1.337 39.079 43.857 

Predicted Values Output -0.001 0.021 -0.074 0.085 



Quasigeoid model computed by 3D Least Squares Collocation (LSC) – main steps 

QUASI-GEOID MODELLING (10) 

The general methodology for gravity field modelling by LSC is as follows: 
a) Calculation of point free air gravity anomalies through terrestrial gravimetric data 
These anomalies were calculated as follows: 
 
 
 
where        is the atmospheric correction and         corresponds to the free-air correction. 
 
b) Remove the effect of a global Earth gravity field model from the free-air anomalies and the height 
anomalies 
 
c) Remove the RTM contribution from the data 
 
d) Estimate empirical covariance function for the residual data 
 
In a local area we estimate the gravity anomaly covariance function by taking a sum of products of the data 
in the area grouped according to an interval     of spherical distance (the sampling interval size),  

𝛿𝑔𝐴 𝛿𝑔𝐹𝐴 

𝛥𝛹 



Quasigeoid model computed by 3D LSC – main steps 

QUASI-GEOID MODELLING (11) 

The estimated covariance is 
 
 
 
where M is the number of products from the ith sampling-interval and rm is the mean altitude. In the 
calculations the covariance will be regarded as referring to the mean height, which for the Alba and Cluj 
counties is 486 m. 
e) Determine an analytic representation of the empirical covariance function 
 
 
 
 
where RE is the mean Earth’s radius, RB is the radius of the Bjerhammar sphere, Pn(t) = Pn(cosΨP.Q) is the 
Legendre polynomial of the degree n with the spherical distance ΨP.Q between the points P(rP, ϕP,λP) and 
Q(rQ, ϕQ,λQ), rP and rQ are the radial distances of the points P and Q from Earth’s centre, σn is the error 
degree variance for the anomalous potential, A is a constant in units of (m/s)4 and α is the scale factor of 
the error degree variance. 



Quasigeoid model computed by 3D LSC – main steps 

QUASI-GEOID MODELLING (12) 

f) Determine a residual gravity field approximation using LSC, compute estimates of the residual height 
anomalies 
g) Restore the long-wavelength component and the residual terrain correction to obtain the geoid height 
 
 
 
h) Fitting the gravimetric quasigeoid model to GNSS/levelling data 
 
The difference between GNSS/levelling and gravimetric quasigeoid  
 
 
is gridded using collocation, and then the final geoid is obtained by 
 
 
If the geoid differences show a strong trend, a combination of both trend estimation and collocation signal 
is used                                                                                 
                                                                                   
 
where the parameters a1 to a4 corresponds to the geoid effects of a Helmert transformation 



The residual gravity anomalies Empirical and analytical fitted covariance functions 

QUASIGEOID MODELLING (13) 

Quasigeoid model computed by 3D LSC 

Statistics: Mean 
[m] 

Std. dev. 
[m] 

Min. 
[m] 

Max. 
[m] 

Original Data 40.989 1.338 39.066 43.859 

Grid Interpolation Results 40.989 1.337 39.081 43.851 

Predicted Values Output 0.000 0.024 -0.073 0.091 

The results after fitting the surface of the quasigeoid 
gravimetric to GNSS/levelling data 



CONCLUSIONS 

Two different gravity reduction techniques (Helmert’s second method of condensation and the RTM) have been presented in this study 
and two methodologies to compute residual geoid heights and residual height anomalies (Stokes' integral and Least Squares Collocation).  

In the studied area (Alba and Cluj counties), the maximum 
indirect effect of Helmert’s second condensation method is small 
(25 cm) compared to the maximum restored terrain effect on the 
quasigeoid for the RTM reduction that is nearly a meter. The 
maximum correction to transform from geoid undulation to 
height anomaly is 18 cm. 

The difference in terms of root mean square (RMS) between the 
height anomalies obtained by LSC method and Stokes’s method is 
34 cm which is mainly a systematic bias between leveling network 
referred to the mean tide and the geopotential model referred to 
tide free. 

In the absolute comparison (before fitting) using 91 points with 
GNSS/leveling data, Stokes’s method is more consistent than LSC 
method in the mountain area (the gravity anomalies are highly 
correlated with the topography and can influence the modeling of 
covariance functions)  

The GNSS/levelling data points and the gravity data need to be 
intensified to improve the quality of the computed quasigeoid model 

Statistics: Min. 
[m] 

Max. 
[m] 

Mean 
[m] 

RMS 
[m] 

𝜁𝐿𝑆𝐶 − 𝜁𝑆𝑡𝑜𝑘𝑒𝑠 -0.09 0.53 0.32 0.34 

In the second comparison, the quasigeoid models were verified 
by comparing height anomalies resulting from the two methods 
after the fitting to the geometric quasigeoid. According to the 
data in Tables 1 and 2, height anomalies have very small 
differences, and the standard deviation between gravimetric 
anomalies and geometric anomalies is approximately ±2 cm. 

Stokes's approach can be used for larger datasets that are not 
homogeneously distributed in the quasigeoid modeling area, while 
the LSC technique can be used as a tool to check quasigeoid quality 
because it provides localization-dependent prediction errors 

The new gravimetric quasigeoid, making important steps forwards, 
as well, to get a more accurate digital elevation model for the 
achievement of the orthophotomap and for carrying out the 
systematic cadastral activities included in  the National Programme 
for Cadastre and Land Registration 2015-2023. 
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